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The transfer-Hamiltonian description of the influence of electron-boson interactions on the
electrical characteristics of metal-semiconductor tunnel junctions is extended by considering
the combined effects of electrode self-energy phenomena and boson-assisted tunneling. The
current associated with these processes is evaluated for superconducting metal electrodes

described by the pairing model as well as for normal metal electrodes.

Numerical evalua-

tions of the conductance are made using models and parameters appropriate for the descrip-
tion of the influence of electron (hole) interactions with optical phonons (energy =7 wg) on the
tunneling characteristics of metal contacts on boron-doped silicon.

I. INTRODUCTION

In the past few years, the transfer-Hamiltonian
description!'? of electron tunneling in solids has
been extended®~? and shown to be capable of de-
scribing qualitatively the various types of many-
body effects which have been observed in tunnel
junctions® (with the sole exception of tunneling
through real intermediate states®:1!1), In this
paper we report two new extensions of this descrip-
tion: the simultaneous consideration both in in-
elastic tunneling and of electrode self-energy ef-
fects, and the study of these phenomena in metal-
semiconductor tunnel junctions in which the metal
electrode is a superconductor.

To understand the motivation for the importance
of these extensions, let us recall some of the main
features of the transfer-Hamiltonian description
of the influence of electron-phonon coupling in the
semiconductor on the conductance characteristics
of metal-semiconductor tunnel junctions., The
essence of this description is that once a set of
basis states for the “electrode” wave function

have been selected, the junction Hamiltonian can

be written formally as

Je=3C, +3Cr+3Cr (1.1)

in which 3G and 3C; describe matrix elements be-
tween states in the left- and right-hand electrodes,
respectively, and JC, describes matrix elements

which transfer an electron from one electrode to

the other. The tunneling current is evaluated by
a straightforward linear response analysis in which

3, is treated as the “external” source,® This

analysis permits us to introduce a diagrammatic
description of the tunnel current® analogous to that
of the linear-response theory of electrical con-
ductivity, !2*'* The diagrammatic analysis is de-

veloped in detail in Refs. 4 and 6. Therefore, in

Fig. 1 we merely present some of the relevant

diagrams for the current. Figure 1(a) specifies
the elastic current which, if an independent elec-
tron model is used to describe both metal and

semiconductor, reduces to the ordinary one-elec-

tron current through a potential barrier.® Davis

and Duke’'* extended the analysis of this diagram
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FIG. 1. (a) Elastic tunneling diagram for tunneling
in a metal-semiconductor junction with a coherent
tunneling vertex, Aga(o"’) (iw,), and self-energy cor-
rections in the semiconductor electrode described by
the §, i(w,—w,) variables. The metal electrode, de-
scribed by E, iw, , can be either normal or supercon-
ducting. (b) Single-boson-emission inelastic tunneling
diagram with a coherent tunneling vertex, Agy‘%D
®, iw,) and self-energy corrections in the semiconductor
electrode (§, iwy). The metal electrode &, iw,) can be
either normal or superconducting. (c) Dyson’s equation
describing our approximation to electron-boson coupling
in the semiconductor electrode. All notation is that used
by Duke (Ref. 6).

to include phonon self-energy effects in the semi-
conductor electrode, and Duke, Rice, and Stein-
risser!® similarly extended it to include plasmon
self-energy effects. In this paper, we extend the
Davis-Duke calculation to the case of BCS super-
conducting metal electrodes. Figure 1(b) desig-
nates single-boson-emission inelastic tunneling.

It has been evaluated using noninteracting-electron
models of the electrodes to describe phonon emis-
sion by Duke, Silverstein, and Bennett’'* and to
describe plasmon emission by Ngai, Economou,
and Cohen, ® We extend the analysis of Duke et al.
by generalizing to the case of superconducting
metal electrodes, and by considering phohon-
assisted tunneling for both normal and supercon-
ducting electrodes in the presence of phonon self-
energy effects in the semiconductor electrode,
Figure 1(c) designates our approximate treatment

of electron-phonon interactions in the semiconductor

electrode,

Having noted the technical aspects of our ex-
tensions of the transfer-Hamiltonian model, let us
next inquire why these extensions can be of more
than routine interest. A basic aspect® of the
transfer-Hamiltonian model is its dependence on
an a priovi definition of a set of basic states to
define the decomposition of the Hamiltonian given
in Eq. (1.1). Therefore, many of its predictions
may not be unique consequences of the particular
microscopic model originally used to formulate
them. Consequently, the identification of partic-
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ular line-shape phenomena observed in experimental
data with a particular microscopic mechanism rests
upon the adequacy (or lack thereof) of independent
checks that the features of the line shape predicted
by this mechanism are (a) unique and (b) faithfully
mirrored in the data. Inthecase of simple models,
we usually can satisfy requirement (a) as noted in
Fig, 2 for the distinction between inelastic tunnel-
ing [Fig, 1()] and self-energy effects [Fig. 1(a)].
The model® used to obtain the figure embodies de-
formation-potential coupling of the electron to
dispersionless optical phonons, the quasiparticle
approximation to describe the semiconductor in a
metal-semiconductor contact, and the free-electron
model for the metal electrons. In this simple case,
the distinction between “steps” and “cusps” as well
as that between symmetry and antisymmetry about
zero bias is clear and unambiguous, Unfortunately,
this simplicity rarely is present in experimental
data. It also disappears quickly as the model
Hamiltonians are refined,®® For example, mo-
mentum dependence of the electron-boson vertex
can invert the reverse bias (eV <0) cusp!® in Fig.

2, thereby destroying the symmetry distinction be-
tween the two mechanisms, while boson dispersion
spreads out both line shapes, 715+ thereby mitigat-
ing the line-shape distinction, Even for narrow
boson-dispersion curves, the onset of damping in
the electrode propagator at the boson-emission
threshold causes the self-energy line shape to ex-
hibit some “step-like” behavior in addition to the
quasiparticle cusps, !’ This is especially true at

2 d1/dv dI/dv
N \\
: =
g | Py & Thag | hwg Y
ihw
fhw 0
~“hw o ~hw,
— - VA—— eV
/r d°1/dv? d?1/dV?

Boson-Induced
Quasiparticle
Dispersion

Boson - Assisted
Tunneling

FIG. 2. Schematic illustration of the distinction be-
tween the tunneling characteristics associated with
interactions in the barrier (described by ¥z and labeled
inelastic tunneling) and those associated with interac-
tions in the electrodes (described by 3z and/or ¥Cg).

The illustrated curves are drawn for a model of a metal-
semiconductor contact in which interactions in the metal
are neglected and the electrons in the semiconductor
interact via a constant vertex function with dispersion-
less optical phonons as discussed by Davis and Duke
(Ref. 7).
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forward bias (eV >0) when the simiconductor Fermi
degeneracy ¢ becomes nearly equal to the boson
energy Zwgy In this case, the self-energy and in-
elastic tunneling line shapes of eV = 7w, may be
almost identical (although this is rarely true at re-
verse bias, eV =~ 7w,). Because of the possible
ambiguity between the line-shape interpretations
based on these two mechanisms, we decided to

see if the change in the line shape when the metal
electrode becomes superconducting could distin-
guish between the two mechanism in some of these
ambiguous situations, It appears that such a dis-
tinction indeed is possible. However, existing
data on even the best metal-insulator-silicon: B
junctions!® have not yet been refined sufficiently

to permit a definitive interpretation, In addition,
the distinctions predicted by existing model calcu-
lations are only slightly larger than the discrepancy
between the calculated and experimental tunnel char-
acteristicsinagiven sample. Consequently, the
storyisnotyet fully told, althoughthe general outline
of the type of results which can be expected on the basis
of the phenomenological transfer Hamiltonian model
has been established.

In the body of the paper, our analysis is pre-
sented in three stages. Section II contains a syn-
opsis of the final formulas describing both elastic
and boson-assisted tunneling in superconductor-
semiconductor junctions., Since the details of the
calculations are routine,® they are omitted. In
Sec. III, the numerical consequences of the general
results are presented for metal contacts on p-type
silicon, The sensitivity of the theoretical predic-
tions on the construction and parameters of the
models is examined in detail. Model-independent
features of the results are identified and suggested
for use as diagnostic probes for the identification
of the mechanisms causing observed line shapes,
Finally, Sec. IV contains a synopsis of the re-
sults and their comparison with experimental data
for Pb contacts on Si:B, This Introduction, the
figures, and Sec, IV provide a self-contained de-
scription of the main features of our results.

II. CLASSIFICATION AND EVALUATION OF
CONTRIBUTIONS TO CURRENT

A. Self-Energy Effects

The contributions to the current associated with
self-energy effects, which result from electron-
phonon interaction terms in the semiconductor-
electrode Hamiltonian rather than in the transfer
Hamiltonian J¢,, are described diagrammatically
in Fig. 1(a). The elastic current J,, through the
barrier is given by **®

IV, T)== 2 E

7 [n(x) n(x—eV)]

-0
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X ImGE(, x) ImGE(, x - eV)| Az ;(0)]?, (2.1)
nlx)=[1+e**T]1 , (@2.2)
GE=ReGE+iImGE . (2.3)

In Eq. (2.2) we have used « to denote Boltzmann’s
constant and 7 to denote the temperature, We
adopt the convention that the right-hand electode
is a semiconductor described by wave-vectors §
and Fermi degeneracy ¢, whereas the left-hand
electrode is a metal (either superconducting or
normal) with Fermi degeneracy ¢, and wave vec-
tors k. All energies are measured relative to the
semiconductor Fermi level,

We use the pairing model® to describe supercon-
ductivity in the metal electrode:

ImGE(, €)= -1 {2 o[e - E(®)]+ 2ol + ER)]},
(2.4a)
E3=12R2my - €y (2. 4b)
uh=3[1+&;/(E3+ 2202 (2. 4c)
vh=3[1- &g/ (E3+ A%, (2.4d)
E(k)= (£3+ 0202 (2. 4e)

Normal-metal results are recovered by setting
A=0,
We also use the one-electron formula, ®

(2.5)

,A(O)( ),2 ._‘_ 8§k D(q",E)akur‘ln ’

for specular tunnehng, where D is the one-electron
barrler -penetration probability &; = ﬁz/ 2m R Lr
and k.I and §, are the components of kKand § q, re-
spectively, parallel to the plane of the junction,
After inserting (2.4) and (2,5) in (2.1), and letting
D, €)=D(E,,€), where E, = #%¢% /2my, we obtain
our final expression for the elastic current,

«© »+€ ©
J,(v, )= 200 [ e (R aE, (% ax
h2m -tr o

X[n(x) =n(x-eV)] ImGE({, x—eV)
XN(x)o(x—A)-0(-x-A)]D(E,, ),
Nx(x)Ex/(xz-Az)Uz ,

where 6 (x) is the unit step function,

The influence on the tunneling characteristics
of the electron-optical-phonon interactions in the
semiconductor electrode depends on (a) the mo-
mentum dependence of the electron-phonon vertex;
(b) the background one-electron characteristics
as reflected in D(E,, x) and the phase-space re-
strictions on the E, integral; and (c) the onset of
an increased energy width in the one-electron prop-
agator at the optical-phonon threshold energy.

A convenient description of effects (a) and (b) can
be given within the framework of the quasiparticle

(2. 6a)
(2. 6b)
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approximation defined by

ImGE@, x)=- Z(no[£5- £(x)] , (2.7a)
x—=£(x) =ReZ(£(x),x)=0 , (2.7b)
Z(x)=[1+ 9Rex (4, x)/asa]':(7= - (2.7c)

As usual, 2(53, x) designates the retarded elec-
tronic proper self-energy, which has been specified
explicitly by Davis and Duke’ for a variety of elec-
tron-phonon coupling mechanisms, A classification
of the generic effects of different types of electron-
phonon coupling on the tunneling characteristics

has been given by Duke.® For optical phonons in
homopolar materials (silicon and germanium),
T(£4,€) depends only on €, In this case, if D(E,, x)
=Dy(E,) is a function of E, alone, which occurs in
the constant-barrier and uniform-field models of
the barrier, then use of (2.7) in (2. 6) gives

aJ,(v,T)
d(eV)

-eV-A
=_M{—[ dxS,(x, eV)
x

h (k)

G, (V,T)=

X f[-eV=2a-x(=¢g)]

+f°° dx S,(x,eV)
-eV+A

X 9[- eV+A=x(=tg)]

+f°° dx S,(x,eV)
x(-tR)

X@[x(=tg)+eV - A]} , (2.8a)

8, (x, V) = {& (D £ (x)+ £l lnlx+ e V) - ()]
_ j:(")‘:R dE"DO(E")n'(x)}Ns(x+eV) ,

(2.8b)
pu= mg/21H% (2.8c)
n'(y)=anly)/dy, &'(y)=dt(y)/dy , (2.8d)

where N (x) is defined by Eq. (2.6b), and x(- &z)
is the negative of the renormalized Fermi degen-
eracy satisfying

x(=¢g)+ - ReZ[x(- £p)]=0 .

In general, we shall consider D, to be a function

of E, only, but include the effects of the abrupt
increase in ImZ(¢) at |€| = 7w,. At T=0, using

the free-electron model of the semiconductor

Eq. (2.8a) reduces, in the constant-barrier model®
(D~ D), to

G,(V,0)= (2ep, /m)Dyfc,(eV, £z)
X[6(-eV-A)=0(eV=-2)(tz—eV+A)]
~[eyeV, gg) = ci(eV+Eg, 0)]

X(=tp+eV-Aa) , (2.9a)
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ci(x, y) =+ (w2 = AZ2 gy /(% - 22 (2.9b)

Equations (2. 8) illustrate clearly the influence
which superconductivity in the metal eletrode
exerts on the line shape due to self-energy effects
in the semiconductor. The peaks in the super-
conducting density of states at x=+4 strongly
weight the contributions to the conductance from
the quasiparticle peaks in £(x) at values of the
bias eV=+ (Twy+A). This effect is illustrated
schematically in Fig. 3 where it is seen to lead to
a shift in the cusp structure in the conductance to
larger values of the bias in superconductor-semi-
conductor junctions relative to normal-metal-
semiconductor junctions. The sharp maximum in
x(x% - A%)12 gt x=+ A also leads to a sharpening
of the cusp structure in superconductor-semicon-
ductor contacts, Either phonon dispersion or
quasiparticle damping broadens the structure and
reduces both the shift and sharpening.

To account for the abrupt size rise in Im¥ at
le| 27w, we consider the constant-barrier-pen-
etration model by setting D =D, while retaining
the full ImG®(¢, x) in Eq. (2.6). We obtain

IV, 7)== %Dof" L (1) =l = V)]

XN[o(x=A)=0(=x=A)]Y(x=eV),

(2.10a)
where
_ Im=(x)] ( E2+[Im= (x)]?
Y= (=, [ImE(x)]z)
DN
4 Barrier
e+l
----- TrTTre _
-eV
e
V(x) L )T
% €+§R=T1 K /2mR eV
(a) (b) (c)

FIG. 3. (a) Schematic potential versus distance dia-
gram of a superconductor-semiconductor tunnel junc-
tion. Forward bias (eV >0) is defined when the metal is
biased positively relative to the semiconductor. (b)
Dispersion relation for electrons in the degenerate
n-type semiconductor electrode interaction with disper-
sionless optical phonons of energy #w,. The dashed line
indicates the dispersion relation in the absence of elec-
tron-phonon interactions. (c) The tunnel conductance at
zero temperature of the metal-semiconductor tunnel
junction shown in Fig. 3(a). The constant-barrier-pene-
tration model is used in evaluating the G shown in the
figure. The cusps at eV= x (Fw,+A) are sharper than
they would have been for a normal-metal electrode.
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+(gp+Ex) [_21_“ tan™! (%f%l)] ,
(2. 10b)

and E0 is an energy cutoff to prevent divergence
of the £, integral. Taking the derivative of Eqs.
(2. 10) with respect to eV gives, for a constant D,
the conductance
G,(V, T)= Z—Zpi D, U” D 5.y, eV)
-eV+A

-eV=A
_f % S,(, evil . (2.11a)

o

Sy(y, eV)={{nly+eV)-ny)Y'(y)-n'(y)v(y)}
X Ny(y+eV) , (2.11b)

Y'y)=dy(y)/dy . (2.11c)
Although the general features of the experimental
line shape are reproduced by the quasiparticle ap-
proximation, the explicit treatment in Eq. (2.86)
of the rapid changes in Im> improves some of the
details, especially when eVZ= (Fwy+A) and Zw,
Z&pe

B. Phonon-Assisted Tunneling

The diagram for single-boson-assisted tunneling
is shown in Fig, 1(b) in which solid lines denote
free-electron propagators and the wavy line de-
signates the propagator describing a boson created
by the tunneling electron. In the presence of self-
energy effects in either of the electrodes, the in-
elastic current J; associated with this diagram is
given by*+®

© ?
IV, T)=- _Zﬁ_e 2 j d_ﬁ;c;_x_ [n(x) = n(x+eV)]

kads

X[n(x")+ N(x'= x = eV)] ImGE, (&, x*)
X ImGE(§, x) InDf, g5(x'=x=eV) ,
(2.12)

N(x)=[e**T - 1] | (2.13)

Dia,aﬂ(iwt )

=[~ j;ldei(TT[A(l) (T)Agu)'aﬁ(o)beiw,-r] .

ka8 2
For noninteracting bosons, (2.14)

Dz, ,ats(iwz)

ot —1 1 ‘
DL [ AGDEB)|2
25 [AGOE)| 5aa(iw,_ﬁw;+iw;+ﬁws) '

(2.15a)

ImD?ﬁ»aB(x) = ImDia,aB(iwt -X +15)
— 15 ALV G) 00
X[6(x— wg) = 6(x+ Fiwg)]. (2.15b)

In these equations 7wz denotes the phonon energy.

C. B. DUKE AND G. G. KLEIMAN 2

If Eq. (2.4a) is used for the spectral weight in
the superconductor, and we adopt the definition
8¢5 95¢

Sq. o, O > (216)

|Ag§1)(ﬁ)|2 EIA(“(ﬁ)Ia
then we obtain

() ran (s Ofs
7y, 1= - BESELE 3 o 2
B.d 9.

Xfwdx ImGE (¢, x)n(x) = n(x+eV)]

X[ filx, wz) + folx, w3)] > (2.17a)

filx, wg)=[nx +eV+ hwg)+ Niw;)] g(x+ e V+ fiw;)
(2.170)
folx,wz)=[1=nlx+eV-rw;)

+ Niwg)lglx+eV=nw;) , (2.17¢)

&) =[ub - A)— ub (- u—A)](P - 22)"2
(2.174d)

In Egs. (2.17), s denotes the spin of the tunneling
carrier and Eq. (2.16) was constructed to give a
phonon-assisted tunneling term directly compat-
ible with the self-energy term. A better treatment
of the momentum conservation rule has been given
previously, * and is not thought to exert a major
influence on our line shapes calculated for nearly
dispersionless optical phonons,

In this subsection we are concerned about the
effects of the superconducting metal electrode for

a free-carrier model of the semiconductor. Thus,
we introduce
ImGﬁ(éfa, x)=—1r6(£a—x) , (2.18)

which yields (performing the x integral prior to the
&; integral in analogy with Bennett et al.*)

J,(V, T)= % > | a9
8,3

x_;’fl_ [n(g) - n(tz+ e V)]

x [f1(§a, ws)+ folbg w)] . (2.19)

At T=0, after some manipulation, we obtain the
simplified forms,

2 .
Ji (v, o)=—:%zsm‘“(p)f2

X[By(eV+Rwz, = tg)+By(=eV+Tiws, £p)
+By(-eV+hiwg, £p)] , (2.20a)

Bl(x; g}z) E [(%er gg)(xz— Az)llz

- 2 _ A2)/2
+ 242 1n<—%“)>J9(— x=4) ,

(2. 20b)
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By(x, tg)=By(x, Lp)0(x+ A+ Lg) (2. 20c)
By(x, £5) =[By(x, £ g) - By(x+ 5, 0)]
XO(-x=-A=(g) . (2. 20d)

Consequently, if A is independent of the bias
voltage, then

dJ,(V,0) 2ep -
=2J4\V, Y LS AR 2
G,(v,0) ¥ T 25 | AV

X{cy(eV+hiws, tg)o(- eV -nwz-A4)
—ci(eV=Tnw;s L0V - wz—A)
XO(=eV+hws+A+Lg)+0(eV=Rws=A=¢g)]
+ci(eV=Ttws— L, 000(eV=Twz—A=-¢R)} .
(2.21)

¢, is given by Eq. (2.9b).
In the special case of dispersionless phonons,
the phonon energies are given by

fwg=Tnw,0(p,-p) , (2.22a)

where p. is the Debye-cutoff wave vector p,
=(67p)'/3, In this case, the remaining p integral
inEq. (2. 21)istrivialasitgivesonly anormalizing
constant. ® Hence Eq. (2. 21)yields an analytical ex-
pression for the tunnel conductance, the predictions
of whichare shown schematically in Fig. 4. The
thresholds at eV =z (7w, + A) evidently arise from the
6 functions in Eq. (2. 21), which inturnreflect the dual
requirements of energy conservation and the ex-
clusion principle. The cusps shown in Fig. 4(b)
do not result from Eq. (2.21), and are discussed
in Sec. I C. The negative conductance for eV
> (Hwy+¢z+A) is an interesting consequences of
Eq. (2.21). It results because, at these large
values of the bias, no additional tunneling channels
open up with increasing bias since all of the elec~
trons in the semiconductor already are emitting
all possible phonons, Hence, since the barrier-
penetration factor is constant in our model, for a
normal metal the inelastic conductance vanishes
for eV> (Fwy+¢x+4). However, for a supercon-
ducting metal, the superconducting-tunneling
density of states constantly diminishes as the final
state moves further from the Fermi energy. This
diminution causes the negative values of G;. In an
actual junction, the bias dependence of the barrier-
penetration factor causes a (usually much larger)
increase in the conductance for eV >¢p, which
is expected to obscure the negative inelastic con-
ductance,

Finally, if the effects of phonon dispersion are
considered by using the model-phonon energies

Fwg= (Twy= ap®)O(p.~p) , (2. 22b)
then the resulting evaluation of Eq. (2.21) must be

f ‘4\Bcrrier
___;__
V(x)

0 Gf(dI/dV)i
-T'\wo+A
2T\w0+A ------
Metal Semiconductor [ G;<0 }
) §R+‘ﬁwo+A/ eV>‘ﬁuJo+§R+A
(a) (b)

FIG. 4. (a) Schematic potential energy versus distance
diagram for inelastic tunneling in a superconductor-semi-
conductor tunnel junction. Forward bias (eV >0) is de-
fined when the metal is biased positively relative to the
semiconductor. For dispersionless phonons of energy
7wy, no inelestic current can flow until | eV| = (Fw+ A)
because of the combined effects of energy conservation
and the exclusion principle. This is illustrated in the
figure for eV <0, but also is true for eV >0 in which
case the tunneling electrons at eV="r%wy+A originate from
the Fermi degeneracy in the semiconductor and terminate
in the lowest empty quasiparticle state of the supercon-
ductor. The relevant initial state in the semiconductor
lies at an excitation energye = —%w, when the bias is
eV=[(hwy+A)+hwy). In this case, the phase-space re-
strictions in the semiconductor lead to an abnormally
low initial density of tunneling states [see Figs. 3(b) and
3(c)]. Hence a cusplike minimum occurs in the tunnel
conductance. A similar effect (with opposite sign) occurs
at reverse bias eV=— (2w, +A) due to the unusually
large tunneling state density at e=+7%w,. (b) The inelas-
tic tunnel conductance associated with the junction il-
lustrated in Fig. 4(a) if the barrier -penetration probability
is independent of the bias voltage. The threshold effects
at | eV| = (Gwy+A) and the self-energy effects at | eV|
=(27wy+A) are shown. The effect of the superconductivity
in the metal on the self-energy line shape is noted in the
discussion of Fig. 3.

performed numerically. The thresholds at |eV]

= (w,+A) broaden, and become highly asymmetric
in the limit that electron and phonon damping is
neglected. We illustrate these results in the sec-
tion on numerical studies of the line shapes.

C. Combined Effects of Electrode Self-Energy Phenomena
and Phonon-Assisted Tunneling

In the previous section, the evaluation of the
inelastic current was performed for a general
semiconductor electrode Green’s functions until
the introduction in Eq. (2.18) of the independent-
electron spectral density, If, however, we invert
the order of the £; and x integrations, then by using
the quasiparticle approximation, Eqs. (2.7), in
Eqgs. (2.17) we obtain
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7,7, 1)= 22 3 | )|

x f ax (5w ealele 0+ £4)20)

X [n(x) = nlx+ e V£ (x, w5) + folx, w3)] ,
(2.23)

inwhich f; and f,aregivenby Eqs. (2.17b)and (2. 17¢c).

The important feature of Eq. (2.23) is its demon-
stration that the phase-space weighting factor,
pul £ (x)+ £5], enters the inelastic current in a
fashion analogous to its entrance in the elastic cur-
rent Eq. (2.6). [The analogy would be exact if we
were dealing with incoherent fluctuation-induced
tunneling.® It is only approximate in Eq. (2.23)
due to the approximate nature of (2.16).] The
effect of quasiparticle dispersion on £(x) is im-
portant only when |x| £7Zw,, for dispersionless
phonons, Thus, as the relevant threshold effects
in f; and f, occur when

leV|=(wy+a+|x|) , (2. 24a)

we see that the combined self-energy inelastic
threshold effects occur for

lev| =2rw,+4

as sketched in Fig. 4(b). ‘

It now is appropriate to recall that our primary
interest lies in distinguishing between various
mechanisms which can cause structure in the
tunnel conductance near leV| 2 (Fwy+4A). Con-
sequently, we shall not consider further the com-
bined influence of self-energy and inelastic tun-
neling effects resulting from the diagram in Fig,
1b).

III. EVALUATION AND INTERPRETATION OF PREDICTED
LINE SHAPES

(2. 24p)

In this section we present the results of numer-
ical evaluations of the tunneling characteristic
using simple models and parameters appropriate
for the discription of metal contacts on boron-
doped silicon, 8'7'14:18:1% Wwe are interested pri-
marily in two aspects of the model predictions:
the nature of the changes in the line shapes when
the metal electrode is driven from superconducting
to normal by a magnetic field (at constant tem-
perature), and the sensitivity of the predicted
changes to the model parameters and approxima-
tions., The results of our investigations are pre-
sented by first demonstrating the qualitative
distinction between the induced changes in the
phonon-assisted tunneling line shapes and those in
the line shapes associated with phonon-induced
self-energy phenomena in the electrodes. We then
discuss the dependence of the details of this

Ino

distinction on the amount of dispersion of pho-

non spectrum and on the model used to describe the
background one-electron tunneling, Finally, the
temperature dependence in the line shapes is
shown to provide further qualitative distinctions
between the two mechanisms. We use deforma-
tion-potential models of the electron-phonon in-
teractions, so that our numerical results are not
representative of cases in which the electron-
phonon vertex function has a strong dependence on
momentum transfer, *¢:7°:15 Graphs of various
line shapes are presented for A=1 meV and T
=4,2°K. These parameters describe a typical
metal electrode and a maximum feasible tempera-
ture at which to perform experiments illustrating
the effects which we discuss, Therefore, our
figures illustrate predictions for lower bounds on
the type of phenomena one might expect to observe.
The effects can become much larger at lower tem-
peratures, i.e., as k T/A -0.

A comparison between the inelastic (phonon-
assisted) tunneling line shapes and those associated
with electrode self-energy effects is shown in
Fig. 5. In calculating the curves shown in this
figure, we use a model in which the one-electron
barrier-penetration probability is taken to be a
constant, Hence, the figure illustrates only many-
body effects associated with electron-phonon cou-
pling in an otherwise structureless barrier [Figs.
5(a) and 5(b)] and semiconductor electrode [Figs.
5(c) and 5(d)]. In the case of phonon-assisted tun-
neling, the major qualitative charges caused by the
transition to a superconducting electrode are the
sharpening of peaks in d®I/dV?, their shift (by an
amount less than A) to higher values of the bias,
and the sign reversal of the line shape for |eV|
>(Hwy+A). Qualitatively, identical line-shape
changes occur for self-energy effects in the elec-
trodes [Figs. 5(c) and 5(d)]. Quantitatively, two
distinctions occur between the line shapes associated
with the two effects. First, the shift of the line is
considerably larger in the case of phonon-assisted
(inelastic) tunneling. Second, the sign reversal at
leV|> (Fw,+A4) also is more pronounced for phonon~
assisted tunneling,

In order to assess the significance of these dis~
tinctions for the analysis of experimental data, we
must study their dependence onthe model usedinthe
calculation. The most important modification of the
simple phonon-assisted-tunneling calculation, whose
consequences are shown in Fig, 5(a), is the incor-
poration of the influence of phonon dispersion. In
Fig. 5(b), we show the predictions of a model cal-
culation in which these dispersion effects have been
incorporated in such afashion as to place an upper
bound on them. The phonon spectrum given by Eq.
(2. 22b) was used in the evaluation of the P integral
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FIG. 5. (a) Phonon-assisted d’I/dV? line shapes re-

sulting from Egs. (2.23) and (2. 22a) (no phonon disper-
sion) in the vicinity of +%w, (Awy,=64.9 meV, the optical-
phonon energy in silicon). The line shapes are charac-
teristic of the inelastic tunneling thresholds treated in
Sec. II B. The self-energy effects on these line shapes
only appear when | eV| =2%w,, as discussed in Sec. II C.
(b) Phonon-assisted d*I/dV? with optical-phonon disper-
sion included according to Eq. (2.22b). | A @)% in
Eq. (2.23) was taken to be a constant in the numerical
calculations. Phonon dispersion has a triple effect upon
Fig. 5(a): The line shapes are broadened; they are made
asymmetric, and the difference between the normal and
superconducting line shapes is greatly reduced. (c)
d*1/dv? resulting from self-energy effects calculated
according to Eqs. (2.10a) and (2.10b) (ull propagator)
with T';=0.5 meV. The electronic self-energy is given
by Eqs. (A2.2)—(A2.6) of Davis and Duke.’ (d) Self-
energy-effect d*I/dv* line shapes calculated with the full
propagator, as in Fig. 5 (¢), with the distinction that
T',=3 meV here. Increasing I'; broadens the line shapes
and diminishes the differences between the normal and
and superconducting curves. Arrows in the figures indicate
the highest points in the corresponding curves and serve
to mark the superconducting shift. The light-hole effec-
tive mass in the silicon electrode is taken® to be mp
=0.16m. The free-electron model is used to describe
the normal-metal electrode.

in Eq. (2.21). The value of « is chosen to give
approximately a 5-meV dispersion in the LO phonon
spectrum from T to p,=0.58 A, Thus, Zw(p,)
=60 meV, a=14,64 meV/A% and we take A‘({) to
equal a constant, i.e.,
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T AD@)|2~[|AD|2/(2n2)] [hep?ap . (3.1)

The consequences of this model are shown in Fig.
5(b). The peak in the d?I/dV?curve is shifted to
lower energies. The sign reversal in the line
shape at leV|> (Fw,+A) when the metal electrode
becomes superconducting is reduced substantially,
as is the narrowing of the main peaks. Our model
is expected to overestimate the influence of dis-
persion on the line shape because |A(J)| probably
is much smaller for large values of P than near
p=0. Hence, since both the sharpening of the line
shape and its sign reversal at leV| > (FTwy+4)
are still prominant features in Fig. 5(b), we con-
clude that these features of the line shape are
characteristic of optical-phonon-assisted tunneling
in metal-silicon contacts,

Turning to the case of self-energy induced res-
onance structure at leV|=7%w,, we see from Figs.
5(c) and 5(d) that, at forward bias (¢eV>0), the
qualitative features of the line shapes for either
the normal or superconducting metal contact do
not differ substantially from those predicted by the
phonon-assisted-tunneling mechanism., The ana-
lytical origin of this result resides in the sharp
increase at the phonon-emission threshold of the
imaginary part of the electronic self-energy of a
carrier in the semiconductor electrode., As dem-
onstrated by Duke, !7 this increase creates a
corresponding increase in the conductance at |eV|
Z7iw, in addition to the cusplike behavior associated
with the quasiparticle approximation as shown,
e.g., in Fig. 3. However, the size of this in-
crease in the conductance is small unless eV
=lwy=¢g. This situation occurs at forward bias
in metal contacts on a variety of degenerate semi-
conductors. Consequently, at forward values of
the bias in these units, the self-energy line shape
exhibits a threshold behavior which resembles a
phonon-assisted-tunneling line shape but which is not
antisymmetric about zero bias. One of the reasons
for our interest in studies of the change in the line
shape when the metal electrode is a superconductor
isthe potential utilization of this change to remove
within the framework of the transfer-Hamiltonian
model suchambiguities in the identification of ob-
served line shapes with microscopic mechanisms.

Two phenomena influence substantially the nature
of the increase at € = 7w, in ImZ(¢) for the carrier
in the semiconductor: optical-phonon dispersion
and electron damping due to other scattering
mechanisms. After some numerical studies of
both phenomena, Davis and Duke’ concluded that
as the extent of the phonon dispersion Aw =[w(p,)
—w(0)] and the magnitude of the energy width T',,
due to acoustical-phonon scattering satisfied T,
and A(hw)<< Fw,, a simple phenomenological de-
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scription could be used to describe the conse-
quences of the finite width of the increase in
ImZ (le| 27%w,). Inorder to reduce computing time,
we have followed their prescription and set

In[el2—el2] L 1n[(cY?— €22+ T2 /4Le] , (3.2a)
710(x € — Fwy) ~ 5 m+tan™ [(ie - wy)/Ta] , (3.2b)

in the expressions for the electronic self-energy
given by Eqs, (A2.4) in Ref, 7. Using this pre-
scription, we obtain the results shown in Fig. 5(c)
for weak damping plus dispersion, i,e., I';=0.5
meV, and Fig. 5(c) for strong damping plus dis-
persion, i.e., I';,=3 meV. As we might have an-
ticipated, the narrowing and shift of the resonant
line shape can be reduced substantially by increas-
ing I',. However, the important feature of Fig.

5 is its illustration that the sign reversal at |eV]|

> (Twy+A) of the line shape is a characteristic
feature of phonon-assisted tunneling, whereas for
the electrode-self-energy effect it is small at best,
and can be eliminated almost completely by in-
creasing TI',.

A final variable onwhichthe resonant line shapes
depend is the shape of the independent-electron
background conductance. In the case of phonon-
assisted tunneling, the magnitude of any asymmetry
about zero bias in the threshold conductance is
proportional to the asymmetry in the magnitude of
the one-electron current at eV==x7w, (see e.g.,
Bennett, Duke, and Silverstein!), Numerically,
these asymmetries have been found to be small in
the cases for which they have been calculated. *
However, the influence of the background conduc-
tance on the self-energy-induced resonant line
shapes often is not small for parameters charac-
terizing metal-semiconductor tunnel junctions, 7
To illustrate this influence, it is convenient and
informative first to demonstrate the effect of the
quasiparticle approximation on the line shape and
subsequently to investigate the quasiparticle line
shapes predicted by different models of the one-
electron barrier-penetration probability. The
transition from the complete propagator to the
quasiparticle approximation (QPA) within the con-
stant-barrier model is illustrated in Figs. 6(a)
and 6(). Note in particular how the extra increase
in the conductance at |eV| =7 w, associated with
an increase in Im> (€)= 7w, smooths out the minima
in @?1/dV? for leV| <hw, The absence of these
minima is a prominent feature of the experimental
data!® for metal contacts on Si:B., This absence
requires the abandonment of the QPA in the data
analysis for these systems.” However, the change
in the line shape between normal and superconduct-
ing contacts is relatively insensitive to the use of
the QPA. In this application, the only systematic
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FIG. 6. (a) Self-energy-effect d’I/dV? line shapes as

shown in Fig. 5 (d) but on a larger scale.

Including the

full Im Z (x) in the calculations reduces the dip in for-
ward bias compared to the quasiparticle approximation
and introduces a crossover between the normal and
superconducting line shapes at | eV| =+70 meV. In
all panels of this figure, the electronic self-energy
was evaluated using Eqs. (A2.2)—(A2.6) given by Davis
and Duke. "’ (b) d’I/dV? calculated from Eq. (2.8a) (the
quasiparticle approximation) with Dy(E, )= D, (constant-

barrier model).

Forward- and reverse-bias line shapes

are approximately the same size; the dip at | eV| <7w,
observed in reverse bias is lower than that in forward
bias. (c) d’I/dV? calculated according to Eq. (2.8a) with
Dy(E,)=Dyexp(—E,/E) (the uniform-~field model), E,

=375 meV.

(@) d’1/av? calculated in the uniform-field

model and quasiparticle approximation with Ey=750

meV.

Increasing E, enhances the scale of the reverse

bias structure relative to that of the structure at for-

ward bias.
responding curves.

trode.

Arrows indicate positions of peaks of cor-

The light-hole mass in the silicon
electrode is taken® tobe mp==—0.16m. The free-elec-
tron model was used to describe the normal-metal elec-

flaw of the QPA seems to be its underestimation
of the sign reversal for leV|> (Tw,+A): an effect
which is small for the self-energy line shapes

anyway.

Using the QPA, the influence of the shape of the
one-electron barrier-penetration probability on
the self-energy line shapes is illustrated in panels
Figs 6()-6(d). The uniform-field model®

D(E,)=Dge "1"%o

(3.3)
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is used in the construction of panels Figs, 6(c)
and 6(d). The major effect of varying E, (recall
that E, - » gives the constant-barrier model) is
the decrease in the magnitude of the reverse bias
resonance with decreasing E,. The change in the
line shapes for normal as opposed to superconduct-
ing metal electrodes is quite insensitive to the
model used for D(E,). It is noteworthy that, al-
though the positions of the maxima in d?I/dV?
depend on the approximations used in the analysis
[contrast Fig, 6(a) with Fig, 6(b)], the normal-
superconducting shift of the position of these max-
ima is both small and insensitive to the model
approximations.

The temperature dependence of the resonant
line shapes as well as their bias dependence serves
to distinguish between boson-assisted tunneling
and self-energy effects. The inelastic d*I/dV?
line shapes calculated from Egs. (2.23) and (2. 22a)
(no dispersion) are dominated at |eV|Z7%w, by
the dual requirements of energy conservation and
the exclusion principle as discussed in Sec, II B,
The effect on the inelastic tunneling line shapes of
increasing T is only the broadening of the line
shapes, For normal metal electrodes, the maxima
and minima in forward and reverse bias, respec-
tively, do not change their voltage positions, The
maxima and minima of the corresponding super-
conducting-electrode curves vary in eV only as
A(T)., This is demonstrated in Fig, 7(a), where
the line shapes are calculated in reverse bias and
A(T) is assumed to vary as the BCS gap param-
eter [A(0)=1,34 meV, appropriate for Pb, and
T.=8.85 °K]. We define

(3.4a)
(3. 4b)

Vins =Ves1= Vem
PINSEIPSI_PNI\.

Vos1 (Vpy) is the reverse bias position of the in-
elastic superconducting (normal) d?/dV? mini-
mum, and Pg;(Py,) is the magnitude of the cor-
responding minimum, AV follows the temper-
ature dependence of the BCS gap parameter, The
AP;ys curve illustrates the broadening of the line
shapes as well as the decrease in the magnitude
of the superconductor’s line shape with respect
to the normal line shapeas A(T)~ 0, i.e., (T~ T,).
Error bars in AVyg result from the finite voltage
increments (0.1 meV) used in the numerical
computation,

The normal-electrode self-energy line shape
exhibits a markedly different temperature depen-
dence from the-corresponding boson-assisted line
shape., As T increases so that k7>T,, the normal
resonant peaks shift in voltage as well as broaden,
The analytic origin of this temperature behavior is
easily seen when we examine the line shape in the
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FIG. 7. (a) Reverse biasinelastic normal-supercon-
ducting voltage shift (AV;yg) and peak difference (APyyg)
computed numerically from Eqgs. (2.23) and (2. 22a) (no
dispersion) as functions of temperature. AVyyg = Vpgy
— Vpnis APpng = | Pgp — Pyl [see the discussion following
Egs. (3.4) for definitions]. The gap parameter A(T)
has the BCS temperature dependence® with A(0)=1.34
meV (appropriate for Pb), T,=8.85°K. (b) Reverse
bias self-energy normal-electrode line-shape width
(AVy) and peak-to-valley height (APy) computed numeri~
cally from Egs. (2.11a)-(2.11¢) (full propagator and
constant barrier) as functions of temperature AVy= Vpy
—Vyn; APy =| Ppy~—Pyyl [see discussion following
Egs. (3.7) for definitions] . A(T) is the BCS gap param-~
eter®! with A(0)=1.34 meV and T,=8.85°K. The
parameter used are the same as those in Fig. 7(a). (c)
Reverse bias self-energy normal superconducting vol-
tage shift (AVgyg) and peak difference (APgyg) computed
numerically from Egs. (2.11a)-(2.11c) (full propagator
and constant barrier) as functions of temperature. AVgyg
=Vps — Vpn; APgng = | Ppg—Popyl [see discussion fol-
lowing Eqs. (3.8) for definitions]. A(7) is the BCS gap
parameter?! with A(0)=1.34 meV. T,=8.85°K. The
parameters used are the same as those in Fig. 7(a).

The cross-hatching indicates the region where the super-
conducting peak splits. The negative voltage shift for

T =T, results from the normal line shape’s temperature
behavior, as discussed in Sec. III. Error bars indicate
uncertainty in the voltage produced by the finite bias
increments (0.1 meV) used in the numerical computations.

quasiparticle approximation. From Egs. (2.8a)
—(2.8d) we get using the constant-barrier model
and A=0:
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Go(V, T)== (2ep, Do/R) [ " dy n' W)y = eV) + £ ]

x0[tg+Ely=eV)] (3. 5a)
and
aG
e Ve T=h+1, (3. 5Db)
I, == (2ep, Dy /W) n[x(= £5)+eV] (3. 5¢)

d

?

dy n'(y) 7 ReZ(y-eV).
(3.5d)

L=~ (2ep,D, /h)/;:e YeeV
R

I, represents only the constant background; the
resonant structure results from I,. If z=y/kT,

~ 2ep,Dy [~ e d
LE= f dz 1+ 0P dZReE(zrcT ev).

©

(3.6)

As T increases, the absolute magnitude of I,
decreases and the scale of the structure in (d/
dz) Rey (for |zxkT —eV|=hw,) decreases along the
z axis. This means that the negative portion of
(d/dz) ReZ contributes to the integral at high
T[kT>T,, since I', ~width of structure in (d/
dy) ReZ], so that the maximum value of I, occurs
at larger |eV|. The net result is a shift of the
peak in d?I/dV? to higher leV|. For larger I',, the
temperature behavior of the shift will be smaller,
The net result is illustrated in Fig. 7(). The
values of d?I/dV? described by the figure are cal-
culated from Eqs. (2.11a)-(2.11c) (full propagator
and constant barrier) in reverse bias for normal
metal electrodes (A =0). The quantities plotted
in the figure are defined by

(3.7a)
(3.7b)

AVy=Vpy= Vyy ,
APNE‘PPN_PVN' s

with Vpy(Vyy) denoting the reverse bias portion of
the normal self-energy d*I/dV? peak (valley) and
Pgy (Pyy) the magnitude of the peak (valley). As
T increases AVy increases and APy decreases,
as explained in the discussion of Eq. (3.6). The
parameters used to calculate Fig, 7(b) are the

same as those used in Fig. 7(a).
The temperature dependence of the normal self-

energy line shape exerts the dominant influence
on the normal-superconducting voltage shift, Let
us define

AVgns=Vps— Ven (3.8a)

APENSEIPPS_PPN, , (3.8b)

in which Vyg is the reverse bias position of the
self-energy d?I/dV? peak for a superconducting
metal electrode and Ppgis the magnitude of this
peak. Vpy and B,y are defined as they are in
Egs. (3.7a) and (3.7b).

Since the superconducting density of states di-
verges at x=A(T), Vpgvaries in temperature
(T<T,) only as A(T) (which we have taken to be
the BCS gap parameter). Thus, as T increases
[A(T) decreases] the peak of the superconducting
line shape moves towards the center of the reverse
bias structure. The normal peak, however, moves
away from the center as T increases. Thus,
AVygys may change sign for sufficiently large values
of T. In addition, when T ~T_, the superconducting
line shape exhibits two peaks, one resulting from
the superconducting density of states and the other
from the normal component, In this region, it is
impossible to define AVgys.

This behavior is illustrated in Fig. 7(c). The
values of d?I/dV? used to obtain the figure are cal-
culated from Eqgs. (2.11a)-(2.11c) (full propagator
and constant barrier) in reverse bias, The cross-
hatching indicates the region where the supercon-
ducting peak splits. The peak in APgy¢ results
from the BCS gap’s slow variation, so that the
superconducting peak changes little, while the nor-
mal line shape varies in temperature according
to Eq. (3.6a). For large values of T',, the normal
line shape changes more slowly, so that all these
effects are reduced.

No attempt was made to fit experimental values
of the temperature dependence because they were
available only for one sample. Data taken on this
sample?? are consistent with the model predictions
described above,

Summarizing, we conclude from Figs., 5 and 6
that at a given temperature inelastic tunneling and
self-energy effects are distinguishable for a vari-
ety of models on the basis of two features of the
predicted line shapes. First, the shift in the posi-
tion of the maximum in @%I/dV? is consistently
larger for inelastic tunneling than for self-energy
effects. Second, a substantial sign reversal of
the resonant line shape occurs when leV|> (Fw,
+A) in the case of inelastic tunneling, whereas
this reversal is either small or absent in the case
of self-energy effects. Other features of the d®I/
dV? line shapes, e.g., the dip in the self-energy
resonance at [eV]| <7w,, appear to be sufficiently
model dependent that their utilization as a test for
the self-energy mechanism should be approached
with caution, However, the temperature dependence
of the @?I/dV? line shapes, illustrated in Fig. 7,
also provides a qualitative distinction between the
self-energy and inelastic-tunneling mechanisms.

IV. SYNOPSIS AND DISCUSSION

In Sec. II, we derived expressions for the cur-
rent in a superconductor-semiconductor tunnel
junction due to boson-assisted tunneling as well as
for the usual elastic current in the presence of
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electron-boson interactions in the semiconductor
electrode. Explicit expressions for the tunnel
conductance were quoted in the limits that (a) the
boson excitation spectrum is dispersionless, (b)
the electron-boson interaction is independent of
momentum transfer, and (c) the independent-elec-
tron barrier-penetration probability is a constant,
Electron-hole symmetry in the semiconductor is
not used in these derivations or in our numerical
analyses. In Sec. III, we extended the analysis

to include the effects of boson dispersion and
energy-dependent barrier-penetration probabilities.
The numerical examples presented in Sec. III were
designed to interpret data'®'? taken for In and Pb
contacts on Si: B, They revealed that (i) the shift
to higher bias of the resonant maxima in d?I/dV?
at |eV|="%w, and (ii) the sign reversal of the
resonant line shapes at |eV|> (Zw,+A) when the
metal electrode becomes superconducting (i.e., a
quenching magnetic field is removed at a constant
temperature) are much larger for inelastic tunnel-
ing than for the resonant self-energy effect.

A comparison of the model predictions with some
data® for Pb contacts on oxide-coated Si:B is
shown in Fig. 8, The description of this experi-
mental data is reasonably good. However, no at-
tempt was made to fit the forward bias line shapes,
because there is evidence to suspect that some
phonon-assisted tunneling is occurring in parallel
with the elastic channel at forward bias.!® In addi-
tion, the reverse bias resonant line shape depends
explicitly on the doping level of the semiconductor!®
for N,<10% cm™, These results suggest that the
mechanism (s) causing the resonant line shapes
may be more complicated than a simple electrode
self-energy effect when the doping is sufficiently
small that a significant space-charge region exists
inside the semiconductor electrode. Consequently,
we are attempting to generalize our analysis of
these junctions to describe the case in which both
the inelastic tunneling and self-energy effects are
caused by impurities localized near the surface of
semiconductor electrode. Such a hypotheseis
seems capable of describing both of the mysteries
in the existing data; i.e., a substantial doping
dependence of the reverse bias line shape and the
preferential occurrence of inelastic tunneling at
forward bias.
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r

Experimental results on the transition temperature of indium, thallium, and lead grains of
various sizes, together with preliminary measurements on other metals, can be interpreted
in terms of changes in the phonon spectrum which alter the electron-phonon coupling constant,

although some anomalies exist.

In this paper, measurements of the supercon-
ducting transition temperature of indium and thal-
lium in porous glass are presented. The samples
are produced by forcing molten metal into the
porous structure, as described in the literature. !’
The pore diameter d was determined by mercury
porosimetry, *® and the values obtained were in
agreement with those obtained from electron
microscope pictures of the structure. The metal
in the porous glass has been described as being in
the form of spherical grains of closely equal size. *

The critical fields of metals in porous glass be-
have like granular superconductors. #°*¢ In such a
system the electron mean free path / is of the form
l=dt, where d is the grain diameter and 7 is the
transmission probability of the electron between
grains. For indium in normally prepared porous
glass, 7~0.03.%2 The metal grains produced in
this way are highly crystalline, as shown by the
sharpness of the x-ray diffraction lines. This in-
dicates that in these samples surface or size ef-
fects dominate, as distinct from the films evap-
orated at low temperature, where amorphousness
of the metal lattice is an extra complication.

The transition temperature T, was located by a

2

mutual inductance technique as the temperature at
which the imaginary part x’’ of the complex sus-
ceptibility x(= x’ +ix’’) begins to change.' Measured
in this way, T, is independent of the amplitude of
the ac field up to 20 Oe. The value used here was
1 Oe. The transition width AT, was about 0. 05 °K
wide. Hake’ has recently shown that fluctuation
effects in samples with small values of £,/ can pro-
duce changes in resistivity above T,. In view of
this, the values of T, obtained here could be lower
by an amount of order AT,.

Recently, McMillan® showed that the transition
temperature of simple metals could be increased
by a reduction of ©, the Debye temperature. It
has been suggested®!'and confirmed experimental-
ly'? that in small crystallites the phonon spectrum
is appreciably altered by a greater proportion of
low-frequency surface phonons, and it has been
suggested that this is the cause of the shifts in T',
in granular or disordered materials.

Garland et al.® have derived the following equa-
tion for T,:

2\1/2
I SR £ 2 S ,
1.267 (w} A(1-0.5p = px*



